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Abstract
In this paper some new vanishing conditions on intersection numbers and Krein parameters are
given. The conditions generalized the results of Chapter 5 in Dickie (Q-polynomial structure for
association schemes and distance-regular graphs, Ph.D. Thesis, University of Wisconsin, 1995).
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1. Introduction
Let Y denote a d-class symmetric association scheme, with associate matrices
A0; A1; : : : ; Ad, primitive idempotents E0; E1; : : : ; Ed, intersection numbers phij, Krein pa-
rameters qhij and Bose–Mesner algebra M . We say that A0; : : : ; Ad is a P-polynomial
structure for Y , if the following conditions are satis<ed.
(P1) phi; j = 0 if one of h; i; j is greater than the sum of the other two.
(P2) phi; j = 0 if one of h; i; j is equal to the sum of the other two for 06h; i; j6d.
In this case, we write ci=pi1; i−1; ai=p
i
1; i ; bi=p
i
1; i+1 and ki=p
0
i; i for i=0; 1; : : : ; d.
We say Y is P-polynomial if there exists at least one P-polynomial structure for Y .
We say E0; : : : ; Ed is a Q-polynomial structure for Y , if the following conditions are
satis<ed.
(Q1) qhi; j = 0 if one of h; i; j is greater than the sum of the other two.
(Q2) qhi; j = 0 if one of h; i; j is equal to the sum of the other two for 06h; i; j6d.
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In this case, we write c∗i =q
i
1; i−1, a
∗
i =q
i
1; i, b
∗
i =q
i
1; i+1 and k
∗
i =q
0
i; i for i=0; 1; : : : ; d.
We say Y is a Q-polynomial if there exists at least one Q-polynomial structure for Y .
Fix a vertex x∈X . By the dual associate matrices for Y with respect to x we mean
the diagonal matrices A∗i = A
∗
i (x)∈MatX (R) de<ned for 06i6d by
(A∗i )yy = |X |(Ei)xy y∈X:
By the dual Bose–Mesner algebra for Y with respect to x we mean the subalgebra
M∗ =M∗(x) of MatX (R) generated by the dual associate matrices A∗0 ; : : : ; A
∗
d.
In particular, the dual associate matrices form a basis for M∗. If E0; : : : ; Ed is a
Q-polynomial structure for Y , then A∗1 generates M
∗.
By the dual idempotents for Y with respect to x we mean the diagonal matrices
E∗i = E
∗
i (x)∈MatX (R) de<ned for 06i6d by
(E∗i )yy = (Ai)xy y∈X:
Note that the dual idempotents form the second basis for M∗. It is well known that
E∗0 + · · ·+ E∗d = I;
E∗i E
∗
j = ijE
∗
i ; 06i; j6d
(1)
The subconstituent algebra for Y with respect to x is the subalgebra T = T (x) of
MatX (R) generated by M and M∗. Let V=R|X | be the standard module. By a T -module
we mean a subspace of V which is closed under multiplication from T . A T -module is
said to be irreducible if it properly contains no T -modules other than 0. Note that T is
semi-simple, so that V may be decomposed as a direct sum of irreducible T -modules.
An irreducible T -module W is said to be thin if
dim E∗i W61; 06i6d
and dual thin if
dim EiW61; 06i6d:
We say Y is i-thin with respect to x if every irreducible T -module W with E∗i W = 0
is thin, and i-thin if for every x∈X , Y is i-thin with respect to x. We say Y is dual
i-thin with respect to x if every irreducible T -module W with EiW = 0 is dual thin,
and dual i-thin if for every x∈X , Y is dual i-thin with respect to x.
Our main results are the following:
Theorem 1. Let Y denote a d-class symmetric association scheme, with d¿3. Sup-
pose A0; : : : ; Ad is a P-polynomial structure for Y, with intersection numbers phij, and
suppose for 06i¡ j6d, and 0¡i + j6d; Y is i-thin with respect to at least one
vertex. Then
aj−1 = 0; p
i+j−2
i; j−1 = 0⇒ ai+j−1 = 0:
Theorem 2. Let Y denote a d-class symmetric association schemes, with d¿3. Sup-
pose E0; : : : ; Ed is a Q-polynomial structure for Y, with Krein parameters qhij, and
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suppose for 06i¡ j6d, and 0¡i + j6d; Y is dual i-thin with respect to at least
one vertex. Then
a∗j−1 = 0 and q
i+j−2
i; j−1 = 0⇒ a∗i+j−1 = 0:
Remark. By setting i = 1 in Theorem 1, we have that if Y is 1-thin with respect to
at least one vertex and aj−1 = 0, where 1¡j6d, then aj = 0. So, we have a1 = 0
⇒ a2 = 0⇒ a3 = 0; : : : ;⇒ ad−1 = 0. This is the result of Theorem 5:1:1 in [2].
Similarly, by setting i=1 in Theorem 2, we have the result of Theorem 5:1:2 in [2].
2. Proof of Theorem 1
De<ne a symmetric bilinear form on MatX (R) by
〈B; C〉= tr(BtC); B; C ∈MatX (R):
Observe that 〈B; C〉 is just the sum of the entries of B ◦ C. In particular, the form is
positive de<nite.
Proposition 1 (Terwilliger [3]). Let Y = (X; Ri06i6d) denote a d-class association
scheme, with associate matrices A0; : : : ; Ad and intersection numbers phij. Fix a vertex
x∈X , and write E∗i = E∗i (x) for 06i6d. Then
(i) for 06h; h′; i; i′; j; j′6d,
〈E∗i AhE∗j ; E∗i′Ah′E∗j′〉= hh′ii′jj′khphij; (2)
(ii) for 06h; i; j6d
E∗h AiE
∗
j = 0 ⇔ phij = 0: (3)
Let Y denote a d-class symmetric association scheme, with vertex set X . Suppose
A0; : : : ; Ad is a P-polynomial structure for Y , with intersection numbers phij. Fix a vertex
x∈X , and write T = T (x), M∗ =M∗(x), and E∗i = E∗i (x) for 06i6d.
There are three matrices in T which are of particular interest to us (their duals will
be used in Section 3). These are the lowering matrix L=L(x), the Mat matrix F=F(x),
and the raising matrix R= R(x), de<ned by
L=
d∑
i=1
E∗i−1A1E
∗
i ;
F =
d∑
i=0
E∗i A1E
∗
i ;
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R=
d−1∑
i=0
E∗i+1A1E
∗
i : (4)
It is easily shown that
A1 = L+ F + R: (5)
Recall that A1 generates the Bose–Mesner algebra M , so that A1 and E∗0 ; : : : ; E
∗
d generate
T . In particular, L; F; R and E∗0 ; : : : ; E
∗
d generate T by (5).
Lemma 1. Let Y denote a d-class association scheme, with vertex set X. Suppose
A0; : : : ; Ad is a P-polynomial structure for Y, with intersection numbers phij. Fix a
vertex x∈X; and write L= L(x) and E∗i = E∗i (x) for 06i6d. For 06i¡ j6d; if Y
is i-thin with respect to x, then
(i) for W any irreducible T-module with E∗i W = 0,
LE∗j W = 0⇒ E∗j W = 0;
(ii) for w∈TE∗i V;
LE∗j w = 0⇒ E∗j w = 0;
(iii) for B∈TE∗i ,
LE∗j B= 0⇒ E∗j B= 0:
Proof of (i). Let W be given. Suppose LE∗j W =0, where 06i¡ j6d. Let W
′ denote
the subspace of W de<ned by
W ′ = E∗j W + · · ·+ E∗dW:
By (1) and (4), we have that
LW ′ =
(
d∑
i=1
E∗i−1A1E
∗
i
)
(E∗j W + · · ·+ E∗dW )
= E∗j−1A1E
∗
j W + E
∗
j A1E
∗
j+1W + · · ·+ E∗d−1A1E∗dW
= E∗j A1E
∗
j+1W + · · ·+ E∗d−1A1E∗dW (by LE∗j W = 0)
⊆W ′:
Similarly, we have FW ′⊆W ′; RW ′⊆W ′. From above we know that W ′ is closed
under multiplication by L, F and R. It is obvious that W ′ is closed under multiplica-
tion by E∗0 ; : : : ; E
∗
d . Since T is generated by these matrices, W
′ is a T -module. Since
E∗i W
′ =0 and E∗i W = 0, W ′ is a proper submodule of W . Since W is irreducible, we
now have W ′ = 0 and E∗j W ⊆W ′ is zero as desired.
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Proof of (ii). Since V may be decomposed into a direct sum of irreducible T -module,
it suOces to show that the result holds for w∈TE∗i W , where W is an irreducible
T -module W and 06i¡ j6d. Suppose w∈TE∗i W has LE∗j w=0, where 06i¡ j6d.
Suppose E∗i w = 0. Observe E∗i W = 0, since E∗j w∈E∗j TE∗i W , where 06i¡ j6d.
Since Y is i-thin with respect to x, W is thin and dim E∗hW61; 06h6d. In par-
ticular, dim E∗j W61, where 06i¡ j6d. Since E
∗
j w∈E∗j W; E∗j w spans E∗j W . Since
LE∗j w=0; 06i¡ j6d; LE
∗
j W =0. By (i) we have E
∗
j W =0 for a contradiction. Thus,
E∗j w = 0 as desired.
Proof of (iii). Suppose E∗j B = 0, then E∗j BV = 0. There exists some w∈BV such that
E∗j w = 0. On the other hand, since LE∗j B = 0; LE∗j BV = 0. This implies that for any
w∈BV , we have LE∗j w = 0. By (ii) we have E∗j w = 0. This is a contradiction.
Lemma 2. Let Y denote a d-class association scheme, with vertex set X. Suppose
A0; : : : ; Ad is a P-polynomial structure for Y, with intersection numbers phij. Fix a
vertex x∈X , and write L = L(x) and E∗i = E∗i (x) for 06i6d. Suppose aj−1 = 0,
pi+j−2i; j−1 = 0, where 06i6d, 16j; i + j6d. Then
(i) LE∗j Ai+jE
∗
i = bi+j−1E
∗
j−1Ai+j−1E
∗
i ;
(ii) LE∗j Ai+j−1E
∗
i = ai+j−1E
∗
j−1Ai+j−1E
∗
i .
Proof of (i). By (1) and (4), we have
LE∗j Ai+jE
∗
i = E
∗
j−1A1E
∗
j Ai+jE
∗
i :
By (P1) and (3), we have
E∗h Ai+jE
∗
i = 0 if 06h6j − 1;
E∗j−1A1E
∗
s = 0 if j + 16s6d:
Thus,
LE∗j Ai+jE
∗
i = E
∗
j−1A1(E
∗
0 + · · ·+ E∗j−1 + E∗j + E∗j+1 + · · ·+ E∗d)Ai+jE∗i
= E∗j−1A1Ai+jE
∗
i :
By (P1), we have
A1Ai+j = bi+j−1Ai+j−1 + ai+jAi+j + ci+j+1Ai+j+1:
By P1 and (3), we have E∗j−1AtE
∗
i = 0 if i + j6t6d. So,
LE∗j Ai+jE
∗
i = E
∗
j−1A1Ai+jE
∗
i
= E∗j−1(bi+j−1Ai+j−1 + ai+jAi+j + ci+j+1Ai+j+1)E
∗
i
= bi+j−1E∗j−1Ai+j−1E
∗
i :
Proof of (ii). By (1) and (4), we have
LE∗j Ai+j−1E
∗
i = E
∗
j−1A1E
∗
j Ai+j−1E
∗
i :
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By (P1), (3) and aj−1 = 0, we have
LE∗j Ai+j−1E
∗
i = E
∗
j−1A1(E
∗
0 + · · ·+ E∗j−1 + E∗j + · · ·E∗d)Ai+j−1E∗i
= E∗j−1A1Ai+j−1E
∗
i :
By (P1), we have
A1Ai+j−1 = bi+j−2Ai+j−2 + ai+j−1Ai+j−1 + ci+jAi+j:
By (P1), (3) and pi+j−2i; j−1 = 0, we have
LE∗j Ai+j−1E
∗
i = E
∗
j−1A1Ai+j−1E
∗
i
= E∗j−1(bi+j−2Ai+j−2 + ai+j−1Ai+j−1 + ci+jAi+j)E
∗
i
= ai+j−1E∗j−1Ai+j−1E
∗
i :
Proof of Theorem 1. For 06i¡ j6d, 16i + j6d, suppose Y is i-thin with respect
to x. Write L= L(x), E∗h = E
∗
h (x), 06h6d. Assume aj−1 = 0; p
i+j−2
i; j−1 = 0 and assume
for a contradiction that ai+j−1 = 0. Then by Lemma 2
L(ai+j−1E∗j Ai+jE
∗
i − bi+j−1E∗j Ai+j−1E∗i ) = 0;
and by Lemma 1(iii),
ai+j−1E∗j Ai+jE
∗
i − bi+j−1E∗j Ai+j−1E∗i = 0: (6)
The summands in (6) are nonzero by (p1) and (3) and orthogonal by (2), for a
contradiction. Thus ai+j−1 = 0, as desired.
3. Proof of Theorem 2
Proposition 2 (Cameron et al. [1]). Let Y denote a d-class association scheme; with
vertex set X, primitive idempotents E0; : : : ; Ed, and Krein parameters qhij. Fix a vertex
x∈X and write A∗i = A∗i (x) for 06i6d. Then
(i) for 06h; h′; i; i′; j; j′6d
〈EiA∗hEj; Ei′A∗h′Ej′〉= hh′ii′jj′k∗h qhij;
(ii) for 06h; i; j6d,
EhA∗i Ej = 0 ⇔ qhij = 0:
Let Y denote a d-class symmetric association scheme, with vertex set X. Suppose
E0; : : : ; Ed is a Q-polynomial structure for Y, with Krein parameters qhij. Fix a vertex
x∈X , and write T = T (x); M∗ =M∗(x); and A∗i = A∗i (x) for 06i6d.
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The dual lowering matrix L∗ = L∗(x), the dual Mat matrix F∗ = F∗(x), and the dual
raising matrix R∗ = R∗(x) are de<ned by
L∗ =
d∑
j=1
Ej−1A∗1Ej;
F∗ =
d∑
j=0
EjA∗1Ej;
R∗ =
d−1∑
j=0
Ej+1A∗1Ej:
It is easily shown that
A∗1 = L
∗ + F∗ + R∗:
Note that A∗1 generates M
∗, so that A∗1 and E0; : : : ; Ed generate T . In particular L
∗; F∗; R∗
and E0; : : : ; Ed generate T .
Lemma 3. Let Y denote a d-class association scheme, with vertex set X. Suppose
E0; : : : ; Ed is a Q-polynomial structure for Y, with Krein parameters qhij. Fix a vertex
x∈X , and write L∗ = L∗(x) and A∗i = A∗i (x) for 06i6d. If for 06i¡ j6d, Y is
i-thin with respect to x, then
(i) for W any irreducible T-module with EiW = 0,
L∗EjW = 0⇒ EjW = 0;
(ii) for w∈TEiV ,
L∗Ejw = 0⇒ Ejw = 0;
(iii) for B∈TEi,
L∗EjB= 0⇒ EjB= 0:
Proof. Similar to the proof of Lemma 1.
Lemma 4. Let Y denote a d-class association scheme; with vertex set X. Suppose
E0; : : : ; Ed is a Q-polynomial structure for Y; with Krein parameters qhij. Fix a vertex
x∈X , and write L∗ = L∗(x) and A∗i = A∗i (x) for 06i6d. Suppose a∗j−1 = 0 and
qi+j−2i; j−1 = 0, where 06i6d, 16j; i + j6d. Then
(i) L∗EjA∗i+jEi = b
∗
i+j−1Ej−1A
∗
i+j−1Ei;
(ii) L∗EjA∗i+j−1Ei = a
∗
i+j−1Ej−1A
∗
i+j−1Ei:
Proof. Similar to the proof of Lemma 2.
Proof of Theorem 2. Similar to the proof of Theorem 1.
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